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 Abstract. The sphere is one of the most important geometric solids in mathematics 

and has numerous applications in physics, engineering, astronomy, and architecture. The 

determination of the sphere's volume has fascinated mathematicians since ancient times. One 

of the most elegant methods for deriving the volume formula of a sphere is Cavalieri’s 

Principle, which establishes volume relationships through comparisons of cross-sectional 

areas. This article discusses the theoretical foundations of Cavalieri’s Principle, the derivation 

of the sphere's volume formula, and the geometric properties of spherical parts, including the 

spherical zone, spherical segment, spherical sector, and spherical ring. Particular attention is 

given to their definitions, elements, and practical significance in geometry. 
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Theoretical Foundations of Cavalieri’s Principle 

Cavalieri’s Principle is one of the fundamental theorems of solid geometry. It states that 

if two solids have equal heights and if every plane parallel to their bases intersects them in 

cross-sections of equal area, then the two solids have equal volumes. 

The principle serves as a precursor to integral calculus because it relies on comparing 

infinitely many cross-sections. It enables mathematicians to determine the volume of complex 

solids by relating them to simpler geometric figures whose volumes are already known. 

Cavalieri’s Principle has been successfully applied to cylinders, cones, pyramids, spheres, 

and numerous other solids. The method demonstrates how geometric reasoning can lead to 

precise volume formulas without direct measurement. 

Derivation of the Volume Formula of a Sphere 

Consider a sphere of radius 𝑟. 

Using Cavalieri’s Principle, the sphere can be compared with a cylinder from which a 

double cone has been removed. At every height, the cross-sectional area of the sphere equals 

the corresponding cross-sectional area of the modified cylinder. 

The volume of a sphere is given by: 

𝑉 =
4

3
𝜋𝑟3 

𝑟 
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𝑉 =
4

3
𝜋𝑟3 ≈ 113.10 

r = 3.0 

where: 

• 𝑉= volume of the sphere,  

• 𝑟= radius,  

• 𝜋 ≈ 3.14159.  

The formula demonstrates that the volume increases proportionally to the cube of the 

radius. Consequently, a small increase in radius results in a substantial increase in volume. 

For example, if 𝑟 = 5cm: 

𝑉 =
4

3
𝜋(5)3 

𝑉 =
500

3
𝜋 

𝑉 ≈ 523.6  𝑐𝑚3 

 

This formula remains one of the most important results in solid geometry and has 

numerous applications in science and engineering. 

 

Spherical Zone and Its Elements 

A spherical zone is the portion of a sphere bounded by two parallel planes intersecting the 

sphere. 

The principal elements of a spherical zone include: 

• Radius of the sphere (𝑅)  

• Height of the zone (ℎ)  

• Upper and lower circular boundaries  

The surface area of a spherical zone is determined by: 

𝑆 = 2𝜋𝑅ℎ 

where: 

• 𝑆= surface area,  

• 𝑅= sphere radius,  

• ℎ= zone height.  

An important characteristic of a spherical zone is that its area depends only on the radius 

and height, regardless of its position on the sphere. 

Spherical Segment 

A spherical segment is the portion of a sphere cut off by one or two parallel planes. 

Two types are generally distinguished: 

1. Single-base spherical segment  

2. Double-base spherical segment  

The main elements of a spherical segment are: 
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Radius of the sphere  

Height of the segment  

Radius of the base circle  

The volume of a spherical segment depends on these parameters and is frequently used in 

engineering calculations involving domes, tanks, and curved structures. 

Spherical segments appear naturally in architecture and industrial design where partial 

spherical shapes are required. 

Spherical Sector 

A spherical sector is formed by connecting a spherical segment to the center of the sphere. 

Its elements include: 

• Radius of the sphere  

• Height of the corresponding spherical segment  

• Central point of the sphere  

The volume of a spherical sector is calculated by: 

𝑉 =
2

3
𝜋𝑅2ℎ 

where: 

• 𝑅= sphere radius,  

• ℎ= height of the corresponding spherical cap.  

Spherical sectors are important in astronomy, physics, and geometric modeling. 

 

Spherical Ring 

A spherical ring is the portion of a spherical surface located between two parallel cutting 

planes. 

Its principal elements are: 

• Radius of the sphere  

• Height of the ring  

• Radii of the boundary circles  

The spherical ring differs from a spherical segment because it refers primarily to a surface 

region rather than a solid volume. 

Spherical rings are frequently encountered in geodesy, cartography, and engineering 

design where curved surface measurements are required 

Practical Applications of Spherical Geometry 

The study of spherical volumes and spherical parts has numerous practical applications. 

In astronomy, planets and stars are modeled as spheres for volume and mass calculations. 

In architecture, spherical segments and sectors are used in dome construction. In engineering, 

spherical tanks and pressure vessels rely on volume formulas derived from spherical 

geometry. 

Furthermore, modern computer graphics employs spherical models to create realistic 

three-dimensional representations of objects and environments. 
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Thus, the concepts of spherical geometry continue to play a crucial role in both theoretical 

mathematics and practical sciences. 

Conclusion 

Cavalieri’s Principle represents one of the most elegant methods for determining the 

volumes of geometric solids. By comparing corresponding cross-sectional areas, it provides 

a rigorous justification for the sphere volume formula. 

The volume formula of a sphere remains a cornerstone of solid geometry and demonstrates 

the relationship between a sphere’s radius and its volume. Additionally, spherical parts such 

as the spherical zone, spherical segment, spherical sector, and spherical ring extend the study 

of spherical geometry and provide solutions to numerous practical problems. 

The investigation of these geometric forms contributes to a deeper understanding of 

spatial relationships and supports applications in mathematics, engineering, architecture, 

astronomy, and modern technology. 
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