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Annottatsiya: Ushbu maqolada chizigli algebraik sistema yechimini topishda
keng qo llaniladigan minimal farqlar metodi tahlil qilinadi. Metodning nazariy
asoslari, asosiy formulalari va iterativ algoritmi ko rib chigiladi. Minimal farglar
metodining musbat aniglangan simmetrik matritsalar uchun samaradorligi va
konvergentsiya xususiyatlari ta’kidlanadi. Shuningdek, metod bo ‘yicha yechim topish
jarayoni misol yordamida bosgichma-bosgich tushuntiriladi. Magola minimal farglar
metodini chuqurrog tushunish va amaliy qo ‘llash uchun mo ‘ljallangan.

Kalit so’zlar: M.A. Krasnoseliskiy, S.G. Kreyn, musbat aniglangan matritsa
Gradientlar metodi, farglar vektori, funksional minimum, iterativ yaginlashish,

geometrik progressiya, sistema yechimi

Abstract: This article analyzes the minimal residual method, widely used for
solving linear algebraic systems. The theoretical foundations, main formulas, and
iterative algorithm of the method are examined. The efficiency and convergence
properties of the minimal residual method for positive definite symmetric matrices
are emphasized. Additionally, the solution process of the method is explained step-
by-step using an example. The article is intended for a deeper understanding and
practical application of the minimal residual method.
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AHHOT&HI’IHZ B oannou cmamuwe anaiusupyemcs MemooO MUHUMATIbHBIX HEBA3O0K,
WUpOKo uCI’ZOJle’yeMbllZ ons peulernus JUHEUHbIX aﬂee6pauqecm¢x cucmen.
Paccmampueaiomc;l meopemuiecKkue OCHo8bl, OCHO6HblEe d)Op]l/ly]lbl u umepamueHbliZ
aneopumm memooa. Ocoboe srumanue yoensiemcs 3QHekmueHoCmu U cxoOUMOCHUy,
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Memooa MUHUMATILHBIX HEBA30K OJisl NOJIONCUMENLHO ONPeOelEéHHbIX CUMMEMPUUHBIX
mampuy. Kpome moeco, npoyecc pewienus memooom noopooHo 00bACHAEMCs Ha
npumepe. Cmamusi NpeOHA3HaAYeHa 05 YeayOleHH020 NOHUMAHUS U NPAKMULEeCKO20
NpUMEeHeHUss Memo0a MUHUMATILHBIX HEBSA30K.

KumoueBsie caoBa: M.A. Kpacnocenvckuiu, C.I. Kpetin, nonoscumenbHo
ONpedenéHHas Mmampuya, epaoueHmHuslil Memoo, 8eKmop He8A3KU, (OYHKYUOHANbHBILL
MUHUMYM, UMEPaAmueHoe NPUOIUNCeHUe, 2eOMempPUYecKas Npocpeccusi, peuileHue
cucmembl

Kirish:Chiziqli algebraik sistemalar ko‘plab ilmiy va amaliy masalalarning
yechimini topishda muhim o‘rin tutadi. Xususan, katta o‘lchamli sistema va
murakkab matritsalar bilan ishlashda an’anaviy to‘g‘ridan-to‘g‘ri usullar
samaradorligi kamayadi va hisoblash xarajatlari oshadi. Shuning uchun iterativ
usullar — bosgichma-bosgich yaginlashuv asosida yechim topuvchi algoritmlar —
keng qo‘llaniladi.

Minimal farglar metodi 1952-yilda mashhur matematiklar M.A. Krasnoseliskiy va
S.G. Kreyn tomonidan ishlab chiqilgan bo‘lib, aynigsa musbat aniglangan simmetrik
matritsalar uchun samarali hisoblanadi. Ushbu metodning asosiy g‘oyasi — har bir
iteratsiyada farqlar (yoki qoldiq) vektorining normasi minimal bo‘lishi orgali sistema
yechimiga tez va bargaror yaginlashishdir.

Minimal farglar metodining nazariy asoslari, matematik ifodalari va amaliy
qo‘llanilishi ushbu maqolada batafsil ko‘rib chiqiladi. Shuningdek, metodning
konvergentsiya xususiyatlari tahlil gilinib, aniq misol orgali iterativ yechim jarayoni
tushuntiriladi. Bu esa o‘quvchiga minimal farqglar metodini chuqurrog anglash va uni
amaliy masalalarda qo‘llash imkonini beradi.

Minimal farglar metodi. Bu metod M.A.Krasnoseliskiy va C.G.Kreyn
tomonidan 1952-yilda yaratilgan edi. Farz gilaylik, A musbat aniglangan matritsa
bo’lib, X esa Ax=b  Sistema yechimining dastlabki yaginlashishi
bo’lsin. Odatdagidek, ' orqali farglar vektorini, ya’ni b—Ax"” ni
belgilaymiz. Navbatdagi yaginlashish ni gradientlar metodidagidek

X" +a,r”  ko’rinishda izlaymiz va « parametrni shunday tanlab olamizki,
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T ) = (F(O) _a, AF(O),F(O)—% AT = (F(O),F(O))—Zao i AF(O))+a§ AF? AR
Z0y2 =0 =,
=(0) —(0) (Ar r)? =) ,=(0) (Ar ",r )
=(r )— WHN AN ) | 8~
(Ar ", Ar ) Ar " Ar
Ifodani minimumga aylanish shartidan topamiz. Bu ifodada esa 0’zining minimal
0. (A2 FO) (AF? 7
glymati ( r)- —o o~ 98 %="—G——5 bo’lganda erishadi.
(Ar ", Ar ) Ar " Ar
Demak birinchi qadamda quyidagiga ega bo’lamiz:
-0 =
- =) =(0) (Ar ",r )
X =Xt ,  ey=mg—
Ar ", Ar
Ikkinchi gadamda esa r” =b—Ax" =1 —a,Ar"
(Ar? v @ - -0
— By AF X =X +ar
S0 0 1
(Ar ", Ar )
Xuddi shunga o’xshash k- qadamda quyidagi formulalarga ega bo’lamiz
0 _F a0 kD (k1)
=b- =r —o Ar
AT ey = -
= —F—or =X +ar
(Ar " Ar )
Yagqinlashish haqida gradientlar metodidagi kabi quyidagi teorema o’rinlidir.
Teorema. X X X . ketma-ket yaginlashishlar Ax=b  sistema

yechimiga geometrik progressiya tezligida yaginlashadi.
Misol. Ushbu sistema
OX +2X, + X, + X, =7
2%, +6X, + X, + X, =11
X, + X, +8%; +2X, = 23
X, + X, + 2%, +4x, =17
Minimal farglar metodi bilan yechilsin.

Yechish.  Dastlabki yaginlashish sifatida ~ x” =(0,0,0,1) vektorni olamiz, u
holda

r? —b-Ax” =(=3,0,9,5), Ar"’ =(~1,8,79,35),
(A ) 889
W Ar” AR 7531

=0,1180454

X" = (~0,354136;0;1,062408;1,590227)
Shunga o’xshash navbatdagi metodlarni topishimiz mumkin:

X = (0,008460; 0, 767495; 2, 005787; 2, 574838) .
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X = (0,105047;0,973666; 2,123706; 2, 799272) |,

X = (0,023240:0,979935;1,986107: 2,898334) |

X7 = (0,028442;0,004896; 2,027116; 2, 955150) ,

X" = (0,007439;0,994176; 2,001999; 2, 969578)
x"” = (0,007863;1,001331; 2,008379; 2,986709) |

x¥ = (0,002131:0,99390; 2,000618; 2,990963) ,

Aniqg yechim X =(0,1,2,3) ekanligiga ishonch hosil gilish giyin emas.

Xulosa:Ushbu maqgolada minimal farglar metodining nazariy asoslari va uning
chizigli algebraik sistema yechishdagi ahamiyati tahlil qilindi. Metod iterativ
algoritm orqali sistema yechimiga barqaror va samarali yaqinlashishni ta’minlaydi,
aynigsa musbat aniglangan simmetrik matritsalar uchun mos keladi. Formulalar va
gadamlar aniq bayon etilib, funksional minimumga erishish sharti asosida optimal
gadam wuzunligi aniglanadi. Shuningdek, misol yordamida metodning amaliy
qo‘llanilishi ko‘rsatildi. Minimal farqlar metodining geometrik progressiya tarzida
konvergentsiya qilish xususiyati uni ko‘plab hisoblash masalalarida qo‘llashga imkon
beradi. Shu bois, ushbu metod chizigli sistema yechimlarini topishda samarali va
ishonchli vosita hisoblanadi.
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